Abstract: Hanbury Brown and Twiss effect of multi-spatial-mode thermal light is obtained at ultrashort timescale by two-photon-absorption (TPA) in a semiconductor photon-counting module. A characteristic spectrum, due to the interference in multi-mode fiber, is observed directly in TPA detector for the first time. To analyze the output of such measurement, a theoretical model based on the Feynman's path-integral theory is built, which makes the contribution of related item and the corresponding spectral component match very well. In addition, by introducing an all-optical method into the current HBT apparatus, one can obtain the concerned second-order coherence spectrum directly without any postprocessing. This result may be helpful to develop ultrafast detection for the intensity interferometer with natural light. Meanwhile, the observation of HBT effect of multi-mode interference offers a new detection method for the optical fiber sensors.
Introduction
In 1956, two-photon bunching was first observed by Hanbury Brown and Twiss, in which randomly emitted photons by thermal light source were found to have the tendency to come in bunching rather than random [1] - [3] . Their experimental setup, known as Hanbury Brown and Twiss (HBT) interferometer, plays an important role in the second-order coherence light and photon statistics in quantum optics [4] , [5] . HBT effect as the second-order measurement of intensity correlation has special advantages. Especially, it can be used to demonstrate two-photon bunching and apply in ghost imaging [6] - [17] . Here, the key of HBT measurement is that the intensity fluctuation of light needs to be obtained. However, for thermal light, e.g., sunlight, the intensity fluctuation is too fast (∼fs) to be detected directly by the current photodiode detector.
Lots of techniques have been proposed to alleviate the detector time constraint, where HBT apparatus composed of an interferometry apparatus (e.g., Michelson interferometer or Mach-Zehnder interferometer) with two-photon absorption (TPA) in a semiconductor photon-counting module is one of the most feasible methods [18] - [21] . In the TPA detector, a nonlinear optical effect would occur when a pair of photons are absorbed. The absorbing time is corresponding to /E g as the Heisenberg time as shown in Fig. 1(a) . Here, is the reduced Planck constant and E g is the energy of bandgap. The rate of absorbing makes that the TPA detector can obtain the signal on the order of a few femtosecond. In this way, many groups have measured the intensity correlation and statistical properties of source, such as the bunching effect [22] - [26] and the ghost imaging [27] - [30] with the thermal light, and entangled photon-pairs [31] - [36] . Its vigor and vitality are being gradually shown. As mentioned above, researches are mainly focus on two cases: (1) Measure the time correlation of single-spatial-mode thermal light. In this case, the concerned measurement of the second-order coherence spectrum is accompanied by the high frequency oscillating terms and other unwanted spectral component. Usually, a postprocessing method by electronic filtering is employed to pick out the concerned second-order spectrum [19] , [20] , [22] - [25] , [31] - [33] . (2) Based on the first case, imaging techniques such as ghost imaging are developed by measuring the spatial correlation of fluctuated multi-spatial-mode thermal light. Our work is to extend case (1) to the multi-spatial-mode thermal light, where a novel second-order coherence spectrum is presented.
In this paper, we report the HBT effect of multi-spatial-mode thermal light at ultrashort timescale by two-photon absorption in a semiconductor photon-counting module.We firstly employ quantum Feynman's path-integral theory to analyze the output of such measurement setup. The contribution of related items and the corresponding spectral components are matched. Based on such analysis, we find one can obtain the concerned second-order coherence spectrum directly without any postprocessing. Thus, by introducing an all-optical method into the current HBT apparatus, the improved setup can measure directly the second-order spectra of thermal light from the singlemode fiber and the multi-mode fiber, respectively. Especially, the multi-mode HBT effect of thermal light, due to the interference in multi-mode fiber, is observed directly in TPA detector for the first time. The experimental results are agreement with the theoretical predictions well. This result may be helpful to develop ultrafast detection for the intensity interferometer with natural light. Meanwhile, the observation of HBT effect of multi-mode interference offers a new detection method for the optical fiber sensors. This paper is organized as follows: at first we build a theoretical model based on Feynman's path-integral theory in Section 2. Experiments and discussion about results, which can show the HBT effect directly by an improved apparatus, are then given in Section 3. Section 4 summaries the conclusions.
Theory
The transition rate of TPA is related to the expectation value of [31] 
It is related to I 2 (τ) [18] - [20] in photon counting regime of the classical theory. From the quantum mechanical point of view, the signal of TPA in Eq. (1) can be calculated by the probability amplitude [5] , [38] - [40] , [42] . The original HBT effect can be interpreted as the coherent superposition of two probability amplitudes, nonclassical entities corresponding to different yet indistinguishable alternative ways of triggering a two-photon joint-detection event. In a similar way, our process can be thought that it is from a coherent superposition of four different yet indistinguishable probability amplitudes in the Michelson interferometer, as shown in Fig. 1(b) .
Two independent photons (a and b) emitted by a thermal light source trigger a TPA detector (PMT) via four different Feynman's paths. The probability of observing a TPA detection event is determined by the superposition of these four two-photon amplitudes. As shown in Fig. 1(b) , the channel in which photons are reflected by BS and M 1 is denoted as the channel 1, and the channel in which photons pass through BS and are reflected by M 2 is the channel 2. If the photon a (b) enters the channel, the channel is labeled as red (blue) as the color of photon a (b) is. If both photons enter the same channel, the channel is purple as the color overlay between red and blue. The white represents that no photon enters. When two mirrors (M 1 and M 2 ) are the same distance from the detector, four amplitudes superpose constructively. G (2) (τ) achieves its maximum value due to constructive interference. When delay is not zero and less than the coherence time of light, the value of G (2) (τ) will decrease. When delay is longer than the coherence time of light, the value of G (2) (τ) is a constant due to that the paths are distinguishable in principle. For example, in the first case, photon a passes through BS and reaches M 2 . At the same time, photon b is reflected by BS and reaches M 1 . Finally, two photons, which are combined when they reach BS again, trigger the detector and achieve the TPA in the Heisenberg time. This is one way to trigger a TPA detection event, named as probability amplitude A I as shown in Fig. 1(b) . The definitions of other probability amplitudes are similar. The probability of a TPA detection event happening is the modulus square of the sum of all four probability amplitudes [5] , [6] , [37] - [42] ,
Based on Feynman's path-integral theory, four paths are in principle indistinguishable from each other in Eq. (2) . Here, to distinguish the way of triggering detector from the symbol, A I can be written as A a2b1 , where the subscript a2b1 represents that photon a propagates in the channel 2 and photon b propagates in the channel 1. In a similar way, other symbols can be written as A a1b2 , A a1b1 and A a2b2 , respectively. A ai bj can be written as
where i , j = 1, 2 and t i ,j denotes the time of triggering detector when photon is reflected by M i ,j . When all amplitudes are represented by Eq. (3), Eq. (2) can be written as
Consequently, Eq. (4) contains 16 items and can be calculated as (detailed calculation can be seen in Appendix A) ωτ) is the contribution from the interference between the different probability amplitudes when photons a and b propagate in the separate channels; cos(2ω o τ)sinc( 1 2 ωτ) is the contribution from the interference between the different probability amplitudes when photons a and b propagate in the same channel; cos(ω o τ)sinc( 1 2 ωτ) is the contribution from the interference between the probability amplitude when photons a and b propagate in the separate channels and the probability amplitude when photons a and b propagate in the same channel.
In Eqs. (A1)-(A7) and (5), it can be found that the sinc-function comes from the rectangular frequency spectrum. When the type of the spectrum distribution of light source f (ω) changes, the calculation process is more complex and the sinc-function would be replaced by the new type of function in the Eq. (5). When the light source with the Gaussian spectrum distribution is employed, f (ω) becomes a Gaussian function. It is practical and convenient to assume a Gaussian spectrum of
All items are re-calculated. When all of 16 items are obtained and summed, the result can be obtained as (detailed calculation can be seen in Appendix B)
In fact, Eqs. (A2), (A4) and (A6) show that the calculation is similar to the process of Fourier Transformation (FT). The sinc-shaped profile can be obtained due to the FT of the rectangular function. When the type of the spectrum distribution of light source f (ω) changes, the process of calculation for Eq. (5) would become more complex and the sinc-function would be replaced by FT of the new function of spectrum distribution. As shown in Eqs. (B1) and (7), when the light source with the Gaussian spectrum distribution is employed, the sinc-function in Eq. (5) would be replaced by the Gaussian function due to the fact that the FT of Gaussian function is still Gaussian shape. However, the ratio for each item and its contribution from probability amplitudes are same in Eqs. (5) and (7).
The value by Feynman's path-integral theory is corresponding to the value of I 2 (τ) by calculating in classical theory [19] , [22] , [25] .
Experiments and Discussion
The experimental setup is shown in Fig. 2 . The light is emitted from the amplified spontaneous emission (ASE) source with a center wavelength of 1550 nm and enters a standard Michelson interferometer. A H7421-50 Hamamatsu GaAs photomultiplier tube is employed in which the wavelength of TPA ranges from 900 to 1800 nm. The dark count is 60 per second. Firstly, the experiment scheme is tested and the HBT effect at ultrashort timescale is observed. All polarizers shown in Fig. 2 are not used in this step. Going through a single-mode fiber, the light enters such HBT apparatus. It is split into two beams by a 50:50 beam splitter (BS). Two beams propagate in two arms of Michelson interferometer and are reflected by two mirrors, respectively. When they reach BS again, they are combined in one beam. Because the counts of TPA are inversely proportional to the spot area of the light on the detector, a lens is employed to get a smaller spot area. An 1300 nm high-pass filter is used to filter out radiation wavelengths shorter than 1300 nm in the incident light. It aims to make that the one-photon counts of detector is close to zero as possible. At last, this beam triggers the detector through the lens and high-pass filter.
Figure 3(a) shows the result by the typical HBT set-up with a TPA detector. The full width at half-maximum (FWHM) is about 790 fs. It contains G (2) (τ) and other items as oscillation. When the oscillation items are filtered out by the way of signal postprocessing, G (2) (τ) can be observed [19] , [20] , [22] - [25] , [31] , [32] . The value in Fig. 3(a) is related to contributions of all items in Eq. (5). In the matter of fact, Eq. (5) shows that C TPA is composed of four kinds components. When the results in Eq. (5) are simulated, the contributions of four kinds would be observed in Fig. 4 : (a) shows a constant, (b) is related to G (2) (τ), (c) is the periodical oscillation with the center frequency ω 0 , and the last (d) is the other periodical oscillation with the center frequency 2ω 0 . ω is the frequency bandwidth of ASE source. Their complex spectrum is shown in Fig. 4 (e) which corresponds to the result in Fig. 3(a) .
Next, three polarizers are employed in Fig. 2 . P 0 is set to 45
• with respect to the horizontal polarization. Since ASE beam is fully unpolarized, only the light with 45
• polarization can be selected. P 1 and P 2 are inserted in two arms. P 1 is set to the horizontal polarization and P 2 is set to the vertical polarization, respectively. Then, the beam is split into two beams by BS propagating in two arms. When two beams come back to BS, their polarization states would be filtered twice by P 1 and P 2 , respectively. The polarization of the beam reflected by M 1 becomes horizontal. In the similar way, the other beam is the vertical polarization. The combined beam triggers the detector and the results are shown in Fig. 3(b) . It comes from the coaction by G (2) (τ) and the constant, where the background is thermal background which equals 2, not laser background which equals 1. To analyze the effects of polarizers in detail, the vector of polarization is employed. After the first polarizer, the light gets the 45
• polarization which is represented as [ 
Here [1, 0] T is corresponding to the horizontal polarization and [0, 1] T is the vertical polarization. When the beam passed through P 1 , the polarization becomes horizontal and the vector becomes to [1, 0] T . Similarly, it is easily understood that the polarization becomes vertical and the vector becomes to [0, 1] T when it passes P 2 . Based on Feynman's path-integral theory, the result C TPA is determined by the sum of A ai bj A * ai bj . i , j and i , j are the channel which photons enter. Enter the channel 1 with P 1 and the photon gets the vector [1, 0] T in equation. Enter the channel 2 with P 2 and the photon gets [0, 1] T . In this way, Eq. (3) would introduce the polarization vector as the modified factor. When Eq. (5) is calculated again, some items are filtered out due to [1, 0] T [0, 1] = 0. For the first type, taking A a1b2 A * a1b2 for example, it can be written as 
Since the product of [ 
This item is filtered out due to the fact that the product of
It comes from the interference between the probability amplitude when two photons propagate in two separate channels and the probability amplitude when two photons propagate in the same channel. Therefore, the first two vectors and last two vectors are always different in this type. Finally, eight items belong to this type and are filtered out.
For the fourth type, such as A a1b1 A * a2b2 , this item can be written as
The product of
It comes from the interference of the different probability amplitude when two photons propagate in the same channel. So the first two vectors and last two vectors are always different. Two items belong to this type and are filtered out.
Consequently, only 6 of all 16 items survive. The result is shown in Fig. 3(b) and the HBT effect with mutual-orthogonal polarizations is observed directly.
In reference [25] , the light with mutual-orthogonal polarizations triggers the TPA detector and no HBT effect is observed. They also used P 1 and P 2 in the same location. A constant is shown in their result. The important key what we can successfully observe such HBT effect is the P 0 . In fact, the peak of G (2) (τ) is determined by the indistinguishable two-photon paths. If at the beginning the photon a has the horizontal polarization and the photon b has the vertical polarization, they are distinguishable in principle. There is only one path to trigger the detector for two photons a and b. Photon a can only enter the channel 1, while photon b can only enter the channel 2. In this case, HBT effect can not be observed. The value of G (2) (τ) is a constant. In our experiment, P 0 makes that photons a and b have the same polarization, they are indistinguishable before they enter the Michelson interferometer. There are still four paths to trigger the detector and Eq. (5) can be hold. The result differing from their's is that the concerned G (2) (τ) and constant are left. Especially, because the counts of detector contain these two styles of components at the same time, the peak visibility would become lower than the one of a pure G (2) (τ). In the next experiment, by applying such improved HBT apparatus, the second-order spectrum of different spatial mode of thermal light going through a multi-mode fiber is directly observed. Here, a multi-mode fiber connected behind the single-mode fiber is used to generate a multi-mode thermal light. The interference between multi-mode leads to a novel result. As the spatial mode increases, besides the above result, there two side peaks of the HBT effect are observed. The result without polarizers is shown in Fig. 5(a) . The visibility of the main peak is about 97%. The FWHM of the main peak is about 712 fs. The visibility of the left peak is 24%. Its distance to the main peak is about 3300 fs. The FWHM is about 871 fs. The visibility of the right peak is 26%. Its distance to the main peak is about 3400 fs. The FWHM is about 881 fs.
When the light enters the multi-mode fiber from the single-mode fiber, multi-modes would be generated. The number of mode is determined by fiber parameters. More modes can be considered as the multi-mode fiber offers more paths for photons to trigger the detector. Based on Feynman's path-integral theory, the more superposition of paths would occur. To explain this effect, two modes inside the multi-mode fiber are selected as the model. As shown in the left panel of Fig. 6 , two propagation channels k and l in multi-mode fiber can be selected for photons. The time when photons go through the fiber along channel k is τ o longer than the time of channel l. For two photons a and b, there are 4 paths passing the multi-mode fiber: a and b pass through the channel k together, a and b pass through the channel l together, a passes through the channel k and b passes through the channel l, b passes through the channel k and a passes through the channel l, respectively. If these 4 paths in the multi-mode fiber combine with 4 paths in the Michelson interferometer, there are totally 16 paths for the photons a and b to trigger the TPA detector together. Equation (2) would be rewritten as
Here, to distinguish the way of triggering detector from the symbol, A I can be written as A ak2bl1 , which is similar to Eq. (3). ak2bl1 represents that photon a propagates in the channel k and photon b propagates in the channel l when they pass through the multi-mode fiber. Then when two photons enter the Michelson interferometer to trigger the TPA detector, photon a propagates in the channel 2 and photon b propagates in the channel 1. A axi byj can be written as
where x, y = k, l and t x,y represents the time for photon propagating in channel x, y in the multi-mode fiber. i , j = 1, 2 and t i ,j represents the time for photon propagating in channel i , j in the Michelson interferometer. The number of A axi byj is 16. When all amplitudes are represented by Eq. (13), there are 256 items in Eq. (12) . Every item is the product of two probability amplitudes. Two probability amplitudes can be represented by A axi byj and A ax i by j . One item can be written as
In Eq. (14), f (ω) is the spectrum distribution of the source, which is similar to Eq. (A1). Since the spectrum distribution doesn't influence the contribution from every path, the similar approximation is used here and the spectrum distribution is still thought as the rectangular frequency spectrum. The center frequency is ω 0 and the bandwidth of frequency is ω. By the similar process of simplification in Eqs. (A4) and (A6), Eq. (14) can be written as
For A axi byj A ax i by j , there are 256 items due to
. τ is employed to replace t 2 − t 1 and τ o is employed to replace
and t y − t y = (0, ±τ o ) are substituted into Eq. (15) and all items are obtained. When 256 items are summed, Eq. (12) is calculated as
When the light source with the Gaussian spectrum distribution is employed, the sinc-function would be replaced again by the Gaussian function due to that the FT of Gaussian function is still Gaussian shape. By the same process of calculation, Eq. (16) is written as
whose simulation is shown in Fig. 7(a) . When three polarizers are employed again, the HBT effect between different modes can be observed directly. The result is shown in Fig. 5(b) . It shows that three HBT effects can be observed directly. The FWHMs of the main peak, left peak and right peak are 746 fs, 911 fs and 921 fs, respectively. The visibility of the main peak, left peak and right peak are 12.5%, 3.1% and 3.1%, respectively. 16 probability amplitudes in Eq. (12) is caused by 4 paths in the multi-mode fiber and 4 paths in the Michelson interferometer. As mentioned in Eqs. (8) corresponding (i , i , x, x , j, j , y, y 
The HBT effect of different modes can be observed directly. When f (ω) is the Gaussian spectrum distribution, Eq. (18) is written as
whose simulation is shown in Fig. 7(b) . In Eqs. (16) and (18), τ o determines the location of the left and right peak. It is determined by the fiber parameters, such as the length and core diameter. The simulated results in Fig. 7 is caused by two modes. When the number of modes in fiber increases, the calculation would become more complex and more sub-peaks can be observed in different locations. At the same time, their visibility are affected due to the different intensity of different modes.
Conclusion
In summary, firstly, the output of HBT apparatus via two-photon absorption in a semiconductor photon-counting module is analyzed by Feynman's path-integral theory. The contribution of related items and the corresponding spectral component are presented. The analysis shows that the concerned item can be picked out without any postprocessing by means of the all-optical methods. To verify our prediction, an improved setup is strategically arranged by introducing an all-optical method into the current HBT apparatus. We have directly measured the second-order spectra of thermal light from the single-mode fiber and the multi-mode fiber, respectively. And the multi-mode HBT effect of thermal light, due to the interference in multi-mode fiber, is observed directly in TPA detector for the first time. The experimental results are well agreement with the theoretical predictions. The new interpretation and the all-optical method of directly observing HBT effect help a whole thorough understanding into the HBT effect in TPA detector. It can also lead to interesting studies by exploring new HBT effect at femtosecond timescale.
Meanwhile, the optical fiber sensors based on multi-mode interference have been developed fast in recent years. Compared with traditional optical fiber sensors, the distinctive advantages as simple structure, flexible design, widely sensing range and so on make them popular in more and more fields [43] - [48] . The direct measurement of the HBT effect of multi-mode interference at the ultrashort timescale may offer a new detection method for the optical fiber sensors. As a new second-order correlation detection, it may be helpful for the development of the optical fiber sensors.
Appendix A Calculations of the Probability of a TPA Detection Event Based on Feynman's Path-Integral Theory
There are 16 items when Eq. (4) is expanded to calculate. All items can be classified into four groups.
Firstly, for A a1b2 A * a1b2 , the value is a constant because the probability amplitudes times its complex conjugate. 4 of 16 items belong to this type, which come from the interference between the same probability amplitude.
Secondly, for A a1b2 A * a2b1 , this item can be written as
where f (ω a ) and f (ω b ) are the spectrum distribution of light source. Set the center frequency is ω 0 and the frequency bandwidth is ω. Equation A1 can be written as
where τ = t 2 − t 1 . For different light sources, the spectrum distribution can be rectangular function, Gaussian function or Lorentzian distribution function. Set the spectrum distribution f (ω) as the rectangular frequency spectrum, Eq. (A2) is written as
A a2b1 A * a1b2 is similar to A a1b2 A * a2b1 in the process of calculation, so 2 of 16 items belong to this type. They come from the interference between the different probability amplitude when photons a and b propagate in the separate channel.
Thirdly, for A a1b2 A * a1b1 , this item can be written as
By the similar calculation, the result of A * a1b2 A a1b1 is e i ω 0 τ ( ω) 2 sinc ( 1 2 ωτ). Adding these two items, the result can be obtained as
Four pairs (8 items) of 16 items belong to this type. They come from the interference between the probability amplitude when photons a and b propagate in the same channel and the probability amplitude when photons a and b propagate in the separate channel. Fourthly, for A a1b1 A * a2b2 , this item can be written as 
The result of these two items are the contribution from the interference between the different probability amplitudes when photons a and b propagate in the same channel.
Appendix B Calculations With the Gaussian Spectrum Distribution Based on Feynman's Path-Integral Theory
In (A1)-(A7) and (5), it can be found that the sinc-function comes from the rectangular frequency spectrum. When the type of the spectrum distribution of light source f (ω) changes, the calculation process is more complex and the sinc-function would be replaced by the new type function in the Eq. (5) . When the light source with the Gaussian spectrum distribution is employed, f (ω) becomes a Gaussian function. It is practical and convenient to assume a Gaussian spectrum of 
There are two integral terms in Eq. (B1). The first term is the integral for the normalized Gaussian function and its value is 1. After simplification the second term can written as 
